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Positron impact ionisation of He+ ion
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Abstract. Triple differential cross-sections (TDCS) of a hydrogenic (He+) ion has been studied by positron
impact using coplaner geometry for both symmetric and asymmetric kinematics in the intermediate and
medium high incident energy region. TDCS has also been studied of He+ ion by electron impact for
symmetric kinematics taking account of the electron exchange effect. The final state wavefunction is chosen
as the correlated 3-body Coulomb wavefunction satisfying the exact asymptotic boundary condition. The
long range Coulomb interaction in the initial channel between the ionic target and the projectile has also
been taken into account properly. For positron impact, the collision is found to be almost recoilless at lower
incident energies, in contrast to the strong recoil peak noted in the case of electron impact ionisation. For
electron impact, the exchange effect is found to be significantly high for equal energy sharing in the final
channel.

PACS. 34.80.Dp Atomic excitation and ionization by electron impact

1 Introduction

Ionisation of atoms and ions by electron and positron im-
pact has created increasing interest among the theoretical
and experimental workers. During the last two decades
energy and angular distributions of secondary electrons
ejected in ionising collisions have been studied exhaus-
tively for electron-atom collisions, while for ionic targets
the available data are so long limited to total ionisation
cross-sections only. However because of severe intensity
limitations, experiments on positron-atom ionisation are
far behind the corresponding electron experiments. Re-
cently the technological progress for the production of in-
tense beam of moderate and energy resolved positrons in-
dicates the bright future for the possibility of carrying out
parallel experimental studies with positron impact as well.
In fact a few experiments have been performed by differ-
ent experimental groups [1–4] on the measurement of total
ionisation cross-sections of some neutral atoms (e.g. hy-
drogen, helium) by positron impact. However, no experi-
mental data is yet available for positron impact ionisation
of any ionic target. Further, the triple differential cross-
section (TDCS) measurement which provides the most
complete and detailed informations for single ionisation
process is not yet accessible experimentally by positron
impact even for atomic targets. One of the major goal of
scattering experiments with positron as projectile, is the
comparison of the positron data with the corresponding
electron scattering data in order to improve the under-
standing of the electron-atom/ion interactions.
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Theoretically, the difference of the scattering cross-
sections by positron and electron impact arises solely from
higher order calculation since the first Born cross-section
does not depend on the sign of the projectile charge.
Hence, the charge asymmetry for the particular process
(e.g. ionisation) which gives direct information of the ef-
fect of higher order interaction can be studied through
the comparison of electron and positron results. In the
absence of any experiment, the theoretical study of the
TDCS should therefore provide some guideline of the de-
tailed informations for a particular ionisation process. Fur-
ther, since for e+ impact, the scattered projectile and the
ejected electron are distinguishable unlike the case of elec-
tron impact, the absence of electron exchange effect makes
the system ideal for the study of the electrostatic inter-
actions between the outgoing particles. In contrast, for
electron impact ionisation, such study is difficult since
the effect of correlation between the outgoing electrons
is masked by the electron exchange.

From the physical point of view, the basic difference
between the electron and the positron impact collision,
particularly in the low and intermediate energy region is
that in the former the effect of electron exchange needs
to be taken into account while in the latter, the Ps for-
mation channel plays a very important role and should be
incorporated in a theoretical model [5].

Recently we developed an approach [6] to calculate the
TDCS of fast electron impact ionisation of a hydrogenic
ion (He+) for asymmetric geometry where the final state
wavefunction satisfies proper asymptotic boundary condi-
tion for an ionisation process, by choosing the correlated
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three body coulomb continuum. In the present work we
have extended our previous [6] method to calculate the
TDCS for fast positron impact ionisation of (He+)-ion
for both symmetric and asymmetric geometries. The
correlated coulomb continuum in the present case (i.e.
for e+ impact ionisation) also accounts for the effect of
Ps formation in the continuum state (ECC) which can be
thought of as another mechanism of indirect ionisation.
Now, single ionisation of He+ by e+ impact can take
place by the following reactions:

e+ + He+ → e+ + He++ + e−, (A1)

e+ + He+ → Ps + He++. (A2)

Since the present study which deals with reaction (A1)
concentrates mainly on high energy region, the effect of Ps
formation channel is not supposed to play any important
role and the present model does not take account of this.
The long range coulomb repulsion occurring in the initial
channel between the incident positron and the target ion
(He+) has been properly taken into account in the frame-
work of Coulomb Born Approximation where the incident
positron is represented by a coulomb continuum wave. To
our knowledge, no attempt has yet been made to study
the TDCS of an ionic target by positron impact. We have
also studied here the TDCS of He+ ion by electron im-
pact for symmetric kinematics incorporating the electron
exchange effect, which we neglected in our earlier work [6].

Due to inadequacy of measurements, theoretical works
on positron impact ionisation are much limited in the liter-
ature as compared to the works on electron impact ionisa-
tion. For ionic (positive) targets, there exist some models
applied to the electron impact ionisation in both high and
low energy regime. Of the low energy theoretical models,
different versions of R-Matrix methods [7–9] and the usual
Close-Coupling [10] approximation are worthy to be men-
tioned. All these models have been applied to calculate
the total ionisation cross-sections and in few cases single
differential cross-sections [11,12] of some complex positive
ions by electron impact in the low/intermediate energy re-
gion. Particularly in the R-Matrix approach developed by
Burke et al. [11–13] and later applied by other authors [14],
the distorted wave theory and the close-coupling approach
have been combined to describe the “fast” (ionising) and
the “slow” (ejected) electron respectively. This approach
has been found to give more or less good agreement with
the experiments for electron impact ionisation of positive
ions in the low/intermediate energy region.

2 Theory

The prior form of the T -matrix element for e±–He+

ionisation process is given by
Tif = 〈Ψ−f |Vi|ψi〉. (1)

The total Hamiltonian of the system is written as

H = H0 ±
Zt

r1
∓ 1
r12

(2)

where the upper sign refers to the e+ impact while the
lower sign stands for e− impact. Zt(= 2) being the charge

of the target nucleus; r1 and r2 are the position vectors
of the incident e± “1” and the bound electron “2” respec-
tively, with respect to the target nucleus; r12 = r1−r2; H0

in equation (2) is the full kinetic energy operator given by

H0 = −1
2
∇2

1 −
1
2
∇2

2.

The initial wavefunction ψi in equation (1) satisfies the
equation [

H0 −
Zt

r2
± Zt − 1

r1

]
ψi = E0ψi (3)

where

ψi = (2π)−3/2 exp
(

1
2
παi

)
Γ (1− iαi)

× exp(iki · r1)1F1[iαi, 1; i(kir1 − ki · r1)]φi(r2, r3),

with αi = ±(Zt − 1)/ki and E0 = k2
i /2 + εi = Ei + εi, ki

being the initial momentum of the incident e±, εi is the
binding energy and φi is the bound state wavefunction of
the ground state of the hydrogenic ion

φi(r2, r3) =
Z

3/2
t√
π

exp (−λir2) (4)

λi being the bound state parameter of the ground state
of the hydrogenic ion. Thus from equations (1–4), the
interaction in the initial channel is obtained as

Vi = ± 1
r1
∓ 1
r12
· (5)

It is evident from equation (5) that the perturbation Vi

vanishes asymptotically (for r1 →∞ and r2 finite).
The final state wavefunction Ψ−f in equation (1) is an

exact solution of the three body problem satisfying the
incoming wave boundary condition, i.e. Ψ−f satisfies the
equation

(H −E)Ψ−f = 0. (6)

For the prescription of the final state wavefunction Ψ−f ,
the correlated 3-body coulomb continuum is chosen [5];

Ψ−f (r1, r2) = C exp(ik1 · r1)1F1[iα1, 1;−i(k1r1 + k1 · r1)]
× exp(ik2 · r2)1F1[iα2, 1;−i(k2r2 + k2 · r2)]

× 1F1[iα12, 1;−i(k12r12 + k12 · r12)] (7)

where the constant C is given by

C = (2π)−3 exp
[
−1

2
π(α1 + α2 + α12)

]
× Γ (1− iα1)Γ (1− iα2)Γ (1− iα12)

with α1 = ±2/|k1|, α2 = −2/|k2|, α12 = ∓1/2|k12|, k12 =
(k1 − k2)/2; ki, k1 denote the momentum of the incident
and scattered positron/electron while k2 stands for the
momentum of the ejected electron.
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For electron impact ionisation, the exchange amplitude
(k1,k2) can be obtained by interchanging k1 and k2 in the
expression for the direct amplitude;

g(k1,k2) = f(k2,k1) (8)

where

f(k1,k2) ≡ Tif(k1,k2).

Finally the expression for the TDCS by e+ impact is
given by

d3σ

dE2dΩ1dΩ2
= (2π)4 k1k2

ki
|f |2 (9a)

while the expression for the TDCS by e− impact (with
exchange) is given by

d3σ

dE2dΩ1dΩ2
= (2π)4 k1k2

ki

[
1
4
|f + g|2 +

3
4
|f − g|2

]
.

(9b)

The ionisation amplitude f , g in equations (9a, 9b) con-
tains four coulomb wavefunctions which make the analysis
as well as computation much involved. After analytic re-
duction [6], the T -matrix element finally requires the eval-
uation of a three-dimensional integration to be performed
numerically [15,16].

3 Results and discussion

We have computed the TDCS for ionisation of a singly
ionised helium atom (He+) in its ground state by
positron impact (Figs. 1–10) in a coplanar geometry for
intermediate and medium high incident energies, e.g.,
Ei = 100, 250, 354.4, 500 and 1000 eV. Special emphasis

Fig. 1. The TDCS in atomic units (a.u.) for the ionisation
of He+ ion from the ground state 1S by positron and electron
impact for the case, incident energy Ei = 100 eV, ejected en-
ergy E2 = 5 eV, and scattering angle θ1 = 4◦, as a function
of angle θ2. Solid curve for positron impact; dashed curve for
electron impact (without exchange) and long dashed-dot curve
for electron impact with exchange effect.

Fig. 2. The TDCS in atomic units (a.u.) for the ionisation
of He+ ion from the ground state 1S by positron and electron
impact for the case, Ei = 250 eV, E2 = 5 eV, and θ1 = 4◦, as
a function of θ2. Solid curve for positron impact and dashed
curve for electron impact.

Fig. 3. Same as Figure 2 with E2 = 10 eV.

Fig. 4. Same as Figure 2 with Ei = 500 eV.
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Fig. 5. Same as Figure 4 with E2 = 10 eV.

Fig. 6. Same as Figure 2 with Ei = 1000 eV.

Fig. 7. Same as Figure 6 with E2 = 10 eV.

Fig. 8. Same as Figure 1 with Ei = 354.4 eV, E2 = 100 eV
and θ1 = 30◦.

Fig. 9. The TDCS in atomic unit (a.u.) for the ionisation of the
He+ ion from the ground state 1S by positron and electron im-
pact for symmetric kinematics at Ei = 354.4 eV; E2 = 150 eV
and θ1 = 30◦, as a function of angle θ2. Solid curve for positron
impact; dashed curve for electron impact (without exchange)
and long dashed-dot curve for electron impact with exchange
effect.

Fig. 10. Same as Figure 9 with θ1 = 45◦.
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has been given on the asymmetric geometry for e+ impact,
although some TDCS results have been presented for sym-
metric and near-symmetric geometries as well. We have
also computed the TDCS results for e− impact for some
symmetric kinematics only since the results for asymmet-
ric kinematics has already been reported earlier [5]. In the
present calculation for e− impact, the electron exchange
effect has been incorporated which was neglected in our
previous work [5]. In order to show the charge dependence
of the TDCS, we compare the results for positron and elec-
tron impact in all the figures (Figs. 1–10).

Figures 1–7 demonstrate a comparative study between
the TDCS of e+ and e− impact ionisation for asym-
metric kinematics (i.e. when the ejected and the scat-
tered particles share widely unequal energies) at incident
energies Ei = 100, 250, 500 and 1000 eV and ejected en-
ergies E2 = 5 and 10 eV, for fixed scattering angle 4◦.
Figures 1–7 show an intense binary peak for e+ impact
in contrast to the intense recoil peak for electron impact
ionisation. Particularly at lower incident energies, for e+

impact (vide Figs. 1–5), the collision is mainly binary i.e.
almost recoilless while for e− impact the intensity of the
recoil peak is even larger than the binary one. However
with increasing incident energy, (see Figs. 6 and 7) the
recoil peak becomes more and more prominent for e+ im-
pact (as compared to the lower incident energy case) while
for e− impact, the converse is true i.e. the magnitude of
the recoil peak decreases and the intensity of the binary
peak finally takes over with increasing incident energy.

Figures 2–7 also indicate that, as the ejected energy
E2 increases, both the binary and the recoil peak intensi-
ties decrease for positron as well as electron impact. Fur-
ther, it is evident from Figures 1, 2, 4 and 6 that for both
e± impact, the position of the binary peak is shifted to-
wards higher ejection angle with increasing incident en-
ergy (e.g. for e+ impact, 5◦ for 100 eV, 16◦ for 250 eV,
36◦ for 500 eV and 56◦ for 1000 eV), whereas for the cor-
responding recoil peak, it is shifted towards smaller angle
(e.g. 160◦ for 100 eV, 150◦ for 250 eV, 130◦ for 500 eV
and 110◦ for 1000 eV). However, with increasing ejected
energy, while keeping the incident energy fixed, both the
binary and recoil peak positions remain almost the same.
This behaviour is also true for both e+ and e− impact.

The difference between the electron and positron
TDCS gets smaller and smaller with increasing incident
energy, as is expected physically. It is also noted from
Figures 1–7 that the positions of both the binary and re-
coil peaks for the e+ impact occurs at smaller ejection
angles than the corresponding electron peaks.

Since for asymmetric geometry, the velocities of the
two outgoing electrons in case of e− impact, are quite
apart, the effect of electron exchange in the TDCS result
is not very significant and as such we have compared the
direct and exchange results for only one asymmetric kine-
matics for very low incident energy e.g., Ei = 100 eV,
where the exchange effect is supposed to give some rea-
sonable contribution (vide Fig. 1). As may be noted from
Figure 1 the exchange cross-section is always lower than
the direct one.

Figure 8 represents the electron and positron impact
data for Ei = 354.4 eV, E2 = 100 eV and θ1 = 30◦.
It shows that in the near-symmetric region (i.e. when
the outgoing particles share almost equal energy) the na-
ture of the positron and electron curves differ apprecia-
bly than the curves for highly asymmetric geometries. For
this geometry (near symmetric), there is a structural dis-
similarity between the electron and positron curve in the
recoil region. For e+ impact a small but distinct recoil
peak appears at around θ2 ' 42◦ while for e− impact
no such distinct recoil peak exists except for some wavy
structures. Figure 8 also reveals that in the recoil region,
a maxima of the e− curve corresponds to a minima of
the e+ curve and vice versa, which is expected physi-
cally. It is also noted that as we move more and more to-
wards symmetric geometry (not shown in the figures) the
magnitude of the recoil peak of the e+ curve is increasingly
enhanced while in contrast, the minima of the corre-
sponding e− curve gets more and more deep. In fact, the
positron-electron/electron-electron interaction in the final
channel is responsible (physically) for such behaviour. Re-
garding the electron exchange effect, it may be noted from
Figure 8 that in the near symmetric kinematics, the ex-
change effect reduces the cross-section in the recoil re-
gion while in the binary region, except near the peak
(∼ 26◦−74◦), it enhances the cross-section. In fact in both
the recoil and binary regions the exchange effect is found
to be more prominent for large ejection angles.

Figure 9 displays the triple differential cross-sections
when the scattered positron/electron and the ejected elec-
tron share identical energy in the final channel (e.g. Ei =
354.4 eV, θ1 = 30◦ and E1 = E2 = 150 eV). As may
be noted from the figure, for e+ impact, the differential
cross-section shows singular structure when the scattered
positron and the ionised electron emerge in the same di-
rection. This behaviour may be physically explained as
arising due to the process of electron capture to the con-
tinuum (ECC). In fact for positron impact, the ionisation
cross-section diverges as the inverse of the relative velocity
between the incident positron and the emerging electron
and from the mathematical point of view, this divergence
occurs due to the Coulomb density of states factor (vide
Eq. (7)) involving the electron positron correlation term
(attractive). In contrast, for e− impact, the same Coulomb
density of states factor that accounts for the coulomb re-
pulsion between the scattered and ionised electron, gives
rise to an exponentially vanishing cross-section (see Fig. 9)
when the two out going electrons emerge with equal ve-
locity. The divergence in the cross-section due to the ECC
effect is also evident from Figure 10, where we have plot-
ted the results for the same symmetric kinematics but at
a fixed scattering angle θ1 = 45◦.

As may be noted from Figures 9 and 10 for equal en-
ergy sharing, the exchange effect is mainly appreciable in
the binary region. Figure 9 shows that in the binary re-
gion, the exchange cross-section is higher than the direct
one except near the peak region. In contrast, in the recoil
region, the exchange curve lies always below the direct one
except at the extreme forward (∼ 0◦−20◦) and extreme
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backward angle (∼ 170◦−180◦). In Figure 10 also, the ex-
change effect enhances the cross-section in the binary re-
gion except between the crossing points of the direct and
exchange curve (∼ 50◦−70◦). In the recoil region however,
the effect of exchange is not very significant as compared
to the binary region. In this region also the exchange curve
lies above the direct one for ejection angles up to 120◦
where the two curves (exchange and direct) cross each
other. Beyond this crossing, the exchange curve lies below
the direct one up to the second crossing at around 175◦.
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